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When MHD-Based Microfluidics is Equivalent to Pressure-Driven Flow
Abstract
Magnetohydrodynamics (MHD) provides a convenient, programmable means for propelling liquids and
controlling fluid flow in microfluidic devices without a need for mechanical pumps and valves. When the
magnetic field is uniform and the electric field in the electrolyte solution is confined to a plane that is
perpendicular to the direction of the magnetic field, the Lorentz body force is irrotational and one can
define a “Lorentz” potential. Since the MHD-induced flow field under these circumstances is identical to
that of pressure-driven flow, one can utilize the large available body of knowledge about pressure-driven
flows to predict MHD flows and infer MHD flow patterns. In this note, we prove the equivalence between
MHD flows and pressure-driven flows under certain conditions other than flow in straight conduits with
rectangular cross-sections. We determine the velocity profile and the efficiency of MHD pumps,
accounting for current transport in the electrolyte solutions. Then, we demonstrate how data available for
pressure driven flow can be utilized to study various MHD flows, in particular, in a conduit patterned with
pillars such as may be useful for liquid chromatography and chemical reactors. Additionally, we examine
the effect of interior obstacles on the electric current flow in the conduit and show the existence of a
particular pillar geometry that maximizes the current.
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Abstract
Magnetohydrodynamics (MHD) provides a convenient, programmable means for propelling
liquids and controlling fluid flow in microfluidic devices without a need for mechanical
pumps and valves. When the magnetic field is uniform and the electric field in the electrolyte
solution is confined to a plane that is perpendicular to the direction of the magnetic field, the
Lorentz body force is irrotational and one can define a “Lorentz” potential. Since the MHDinduced flow field under these circumstances is identical to that of pressure-driven flow, one
can utilize the large available body of knowledge about pressure-driven flows to predict
MHD flows and infer MHD flow patterns. In this note, we prove the equivalence between
MHD flows and pressure-driven flows under certain conditions other than flow in straight
conduits with rectangular cross-sections. We determine the velocity profile and the efficiency
of MHD pumps, accounting for current transport in the electrolyte solutions. Then, we
demonstrate how data available for pressure driven flow can be utilized to study various
MHD flows, in particular, in a conduit patterned with pillars such as may be useful for liquid
chromatography and chemical reactors. Additionally, we examine the effect of interior
obstacles on the electric current flow in the conduit and show the existence of a particular
pillar geometry that maximizes the current.
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1 Introduction
A lab-on-a-chip (LOC) device is a minute chemical processing plant that integrates
on a single substrate common laboratory processes ranging from filtration and mixing to
separation and detection. To achieve these tasks, it is often necessary to propel and stir
liquids and control fluid flow. Since, in many applications, one uses solutions that are
electrically conductive, one can transmit electric currents through these solutions. When the
device is subjected to an external magnetic field provided by either permanent magnets or
electromagnets, the electric current interacts with the magnetic field to produce Lorentz body
forces, which, in turn, drive fluid motion. This phenomenon is commonly referred to as
magneto-hydrodynamics and has been utilized, among other things, to pump fluids in
microfluidic conduits (Qian and Bau 2005; Jang and Lee 2000; Lemoff and Lee 2000;
Leventis and Gao 2001; West et al. 2002 and 2003; Zhong et al. 2002; Eijkel et al. 2003; Bao
and Harrison 2003a and 2003b; Arumugam et al. 2005 and 2006; Aguilar et al. 2006;
Nguyen and Kassegne 2008), control fluid flow in microfluidic networks without a need for
mechanical pumps and valves (Bau et al. 2003); stir and mix fluids (Bau et al. 2001; Yi et al.
2002; Xiang and Bau 2003; Qian and Bau 2005; Gleeson and West 2002; West et al. 2003;
Gleeson et al. 2004); and enhance mass transfer next to electrodes’ surfaces (Boum and
Alemany 1999; Lioubashevski et al. 2004; Alemany and Chopart 2007). For a recent review
of a few applications of MHD in microfluidics, see Qian and Bau (2009).
Most of the literature pertaining to MHD focuses on liquid metals and ionized gases
(Davidson 2001). In contrast, in microfluidic applications, one typically deals with electrolyte
solutions. The modeling of MHD flows of electrolyte solutions differs from that of liquid
metals since the local electric conductivity is a function of the electrolytes’ concentration,
which, in turn, depends on the flow field. Nernst-Plank equations for the ions’ flux (Newman
1991), the Navier-Stokes momentum equation (Batchelor 1967), and Maxwell’s equations for
the magnetic field need to be solved concurrently. Additionally, one often needs to consider
non-linear electrode kinetics and the possible production of undesirable products of
electrochemical reactions at the electrodes’ surfaces. Another potential undesired
phenomenon is electrophoretic migration of charged molecules and particles in the electric
fields induced by the electrodes.
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Fortunately, for electrolytes with low magnetic permittivity and a low magnetic
Reynolds number, the determination of the magnetic field can be decoupled from that of the
ion concentration, fluid flow, and electric fields. Furthermore, electric current induction can
be neglected.
The typical MHD pump consists of an electrolyte-filled conduit with a rectangular
cross-section whose opposite walls are coated with electrodes. It has long been known that
when the electrolytes are subjected to a uniform magnetic field directed parallel to the
electrodes’ surfaces, the MHD flow is equivalent to pressure-driven flow (Ho 2007). We
show that this equivalence also exists in some other circumstances that are common in
microfluidic systems. We utilize the equivalence between MHD-driven flow and pressuredriven flow to obtain the flow patterns of MHD flow in conduits patterned with pillar arrays.
Such conduits can serve as chromatographic and separation columns and as catalytic reactors.
The pillars provide increased surface area and solid support for stationary phases and
catalytic surfaces (to facilitate and enhance heterogeneous reactions). MHD–driven flow is of
particular interest to chromatography as it allows one to drive fluid flow in a closed loop, in
effect, providing an “infinitely long column” (Martin 1958; Eijkel et al. 2004). In a
traditional, linear, separation column, the column length must be selected in advance, which
is not always feasible when dealing with unknown analytes or with analytes that have slightly
different partition coefficients. No such advance knowledge is needed in the case of the
closed loop chromatograph. The closed-loop chromatograph also allows for real-time
detection.
In the case of the column patterned with the pillar array, we show that when the
current is controlled (known), one can deduce the MHD flow rate by using literature data
available for pressure-driven flow in a similar geometry. When the potential difference
between the electrodes is the control parameter, the equivalence between the pressure-driven
flow and the MHD-driven flow cannot be applied directly to obtain the flow field, and we
solve the coupled Nernst-Planck and Navier-Stokes equations to obtain the concentration,
current, and flow fields. In the latter case, we can verify the computations by comparing our
computed drag coefficients with literature data available for the pressure-driven flow.
The paper is organized as follows. Section 2 introduces the mathematical model and
outlines the various assumptions that apply for the conditions typically prevailing in
microfluidic systems. Section 3 proves the existence of a “Lorentz potential” under special
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conditions and thus the equivalence between MHD-driven and pressure-driven flow under
those conditions. Section 4 reviews briefly MHD flow in a uniform conduit. The analysis
accounts for concentration gradients induced by the electric field. Additionally, we redefine
the efficiency of the MHD pump energy conversion and estimate the temperature increase in
the MHD pump. Section 5 studies MHD flow in a conduit patterned with a pillar array.
Section 6 concludes.

2 Mathematical Model
Consider an electrolyte solution consisting of l types of ionic species with
concentrations ci ( i = 1,...., l ) subjected to external electric and magnetic fields. The mass
transport of the i -th ion is described by the Nernst-Planck (NP) equation:
∂ci
= −∇ ⋅ N i
∂t

(i = 1,..., l ) ,

(1)

where the mass flux of species i
N i = uci − Di ∇ci − ziν i Fci (∇φ − u × b)

(2)

is comprised of convective, diffusive, electro-migrative, and inductive terms. In the above, u
is the fluid velocity; Di and ν i = Di /( RT ) are, respectively, the diffusivity and the
mobility of the i -th ion species; zi is the valence of the i th ion species; R is the gas
constant; T is the absolute temperature; F is the Faraday constant; φ is the electric
potential; and b is the magnetic field vector. We adopt here the convention that bold and
regular letters represent, respectively, vectors and scalars.
The electric potential satisfies the Poisson equation:
l

−∇ ⋅ ( ε s ∇φ ) = F ∑ zi ci ,
i =1

where ε s is the dielectric permittivity of the solvent.
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Typically, in a homogeneous solution, net charge exists only in narrow regions next to
solid surfaces (electric double layers, EDL) and the bulk of the solution is nearly electrically
neutral:
l

∑zc
i =1

i i

≈ 0.

(4)

The electric current flux is
l

l

j =F ∑ zi N i =− F ∑ zi Di ∇ci − σ ionic (∇φ − u × b) ,

(5)

=i 1 =i 1
l

where σ ionic = F 2 ∑ zi 2ν i ci is the ionic conductivity of the electrolyte solution.
i =1

The fluid motion satisfies the Navier-Stokes (NS) equation:
∂u

+ u ⋅∇u  = −∇p + µ∇ 2u + f EM ,
 ∂t


ρ 

(6)

where the electromagnetic body force
f EM =f L + f∇B + f E .

(7)

fL = j× b ;

(8)

The Lorentz force

the magnetophoretic force (when the ions are ferromagnetic and/or paramagnetic)
=
f ∇B

χm (m) 2
ci ∇b ;
2ς 0

(9)

and the electrostatic force
l

f E = F ∇φ ⋅ ∑ zi ci .

(10)

i =1

In the above,

ρ

and

µ

are, respectively, the fluid density and viscosity;

ς 0 =1.257 ×10−6 N ⋅ A−2 is the magnetic permeability of the vacuum; p is the dynamic
pressure; χ m is the molar susceptibility; and the subscript m denotes paramagnetic ions.

8

Mian Qin and Haim H. Bau, 2011, When MHD-Based Microfluidics is Equivalent to Pressure-Driven
Flow, Micro and Nano Fluidics 10, (2), 287-300

(DOI: 10.1007/s10404-010-0668-2)

Due to the small dimensions of microfluidic conduits, we neglected buoyancy effects in
equation (6). We emphasize, however, that body forces due to density variations may, on
occasion, play a significant role even when device dimensions are relatively small. See, for
example, Qian et al. (2006).
The electrolyte satisfies the continuity equation:
∇ ⋅u =0 .

(11)

Equations (1-11) constitute the standard model.
In the model presented above, we neglected the induced magnetic field.
justified since, in all our applications, the magnetic Reynolds number Re m =

uH

υ

This is
<<1.

In

the above, u is the average flow velocity; H is a length scale associated with the flow;
and υ = (ς 0σ ionic )

−1

is the “magnetic diffusivity”. For example, when u = 1mm / s ,

H = 1mm and σ 0 = 1.29ohm −1m −1 (0.1M KCl at 25o C ), Re m ~ 10−12 and the magnetic

induction can be safely neglected. This approximation is valid even in the case of liquid
metals. For example, in the case of mercury (conductivity of 106 ohm −1m −1 ), Re m ~ 10−6 .
Thus, in what follows, we assume that the external, imposed magnetic field is unperturbed by
the flow.
When the applied magnetic field is uniform ( b = b e z ) and the bulk of the electrolyte
solution satisfies the electro-neutrality condition, both f∇B and f E vanish, leaving the
Lorentz force as the only body force. The dimensionless Navier-Stokes equation becomes:

(

)

 ∂uˆ ˆ ˆ ˆ 
2
ˆ pˆ + ∇
ˆ 2uˆ − K ∑ z Dˆ ∇
ˆ cˆ + z cˆ ∇
ˆ ˆ ˆ
ˆ ˆ ˆ
+ u ⋅∇u  =−∇
Re 
i i
i
i i φ × b + Ha (u × b ) × b .
ˆ
 ∂t

i =1
l

In the above, Ha = H b

(12)

σ ionic
is the Hartmann number. The velocity, length, time,
µ

concentration, potential, magnetic field, pressure and diffusion coefficients are, respectively,
scaled with u0 =

F 2 H b D0 cq ∆Vext

µ RT

, the conduit’s height H ,

9
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l
l
µ u0
ρu L
RT
1
1
, b ,
, and D0 = ∑
. Re = 0 is the Reynolds number.
∑
zi i 1 Di
F
H
µ
=i 1 =

F b D0 cq H

µ u0

is the ratio between the Lorentz force and the viscous force.

(

)

l
j
The dimensionless current ˆj = =−K ∑ zi Dˆ i ∇cˆi + zi cˆi ∇φˆ + Ha 2 (uˆ × bˆ ) , where
j0
i =1

j0 =

µ u0
H2 b

. ∆Vext

is the externally applied potential difference. Overhats denote

dimensionless quantities and overbars denote domain averages. When the Hartmann number
is small, the induction current term in equation (12) can be neglected. This is generally the
case in microfluidic systems operating with electrolyte solutions. For example, when
, µ 10−3 Pa ⋅ s and σ ionic ~ 1ohm −1m −1 (0.1M KCl at 25o C ), the
H = 1mm , b = 0.4T=
Hartmann number Ha ~ 10−2 . In contrast, in the case of liquid metals such as mercury
(conductivity 106 ohm −1m −1 ), Ha ~ 10 and the induction current term in equation (12) must
be taken into account.
Equation (4) suggests that there is no accumulation of charge in the bulk of the
solution. Therefore, the current flux is solenoidal (divergence free).
∇ ⋅ j =0 .

(13)

Applying equation (13) to equation (5) and neglecting the induction term, we obtain
the equation for the electric potential in the bulk of the solution:
l

∇ ⋅ (σ ionic ∇φ ) + F ∑ zi ∇ ⋅ ( Di ∇ci ) = 0 .

(14)

i =1

Witness that equation (14) reduces to Ohm’s law only when one can neglect the term
l

F ∑ zi ∇ ⋅ ( Di ∇ci ) . This would be the case when all the ionic species have similar
i =1

diffusivities or when the concentration distributions are nearly uniform. The flow field affects
equation (14) indirectly through its effect on the concentration field (equation 2).
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When reversible reactions of the type Ox + ne − ⇔ Red take place at the electrodes’
surfaces, the species’ fluxes at the electrodes’ surfaces are given by the Butler-Volmer (BV)
equation [1]:

j
n ⋅ N Red = e
F

 cOx ( −α nF / RT )η cRed [(1−α ) nF / RT ]η 
−
e
e

 =−n ⋅ N Ox ,
cRed
 cOx


(15)

where je is the exchange current flux, α is the charge transfer coefficient for the cathodic
reaction, n is the number of electrons exchanged in the reaction, η= φ − Vext is the
overpotential, and cOx and cRed are, respectively, the concentrations of the oxidized and
reduced species at the electrodes' surfaces. n is a unit vector normal to the electrode’s
surface directed away from the fluid. When concurrent, multiple reactions take place at the
electrodes’ surfaces, a separate BV equation is needed for each reacting pair. All solid
surfaces, other than the electrodes, are impermeable.
The boundary conditions associated with the momentum equation are no slip at all
solid surfaces. In the problems considered here, we specify periodic conditions for the flow
velocities at the inlet and outlet.
Electrical neutrality exists in the bulk of the solution, but not next to solid surfaces.
Typically a surface in contact with an aqueous solution acquires a net charge, which attracts
counterions to form a thin (a few nanometers in thickness) electrical double layer consisting
mostly of counterions. The electric field’s component tangent to the surface propels the ions
in the electric double layer and gives rise to electroosmotic flow. When the device’s length
scale is much greater than the thickness of the EDL, the flow in the EDL is approximated by
the Smoluchowski slip velocity (Probstein 1994):
u// = −ε sζ E// / µ ,

(16)

where the zeta potential ζ is the potential difference across the EDL and E is the electric
field. The subscript // denotes the vector component tangent to the solid/liquid interface.

11

Mian Qin and Haim H. Bau, 2011, When MHD-Based Microfluidics is Equivalent to Pressure-Driven
Flow, Micro and Nano Fluidics 10, (2), 287-300

(DOI: 10.1007/s10404-010-0668-2)

3 On the Existence of MHD Potential in Some Special
Cases
Many microfluidic systems are planar (i.e., parallel to the x-y plane, Fig. 1).

Since

the conduits’ depths ( W in the z − direction) are relatively small, the magnetic field is
nearly uniform and parallel to the z − direction, i.e., b = b e z , where e z is a unit vector in
the z − direction. Often, the electrodes and embedded features, such as pillars, are parallel to
the z − axis and extend the entire conduit’s depth. See Fig. 1 for an example. Under these
conditions, the current flux and the Lorentz force can be expressed, respectively, with vectors
=
j( x, y ) jx ( x, y )e x + j y ( x, y )e y

and=
f L ( x, y ) b ( j y ( x, y )e x − jx ( x, y )e y )

that

are

independent of the z − coordinate. Although we used in the above Cartesian coordinates, the
same holds true for any cylindrical coordinate system (Moon and Spencer 1988). Given that
the electric current flux is solenoidal and b is constant, the Lorentz force f L is irrotational
(curl-free). To see this, consider

∇ × f L = ∇ × j × b = j ( ∇ ⋅ b ) − b ( ∇ ⋅ j) + ( b ⋅∇ ) j − ( j ⋅∇ ) b = 0 .

(17)

The first and last terms on the RHS of equation (17) vanish because b is a constant. The
second term vanishes because the electric current flux is solenoidal ( ∇ ⋅ j = 0 ). The third term
vanishes because, in our particular case, b and j are orthogonal and j doesn’t vary in the
direction of b (the z-direction). In other words, the Lorentz force is a conserving vector
field, and one can define the “Lorentz potential” Ξ such that
f L = −∇Ξ .

(18)

We emphasize that the Lorentz “potential” exists only in the special circumstances
outlined above. Although these circumstances occur frequently in microfluidic systems, they
do not apply to MHD flows in general. Unless the outlined special circumstances are
satisfied, the Lorentz force is not curl-free.
Since in microfluidic systems the Reynolds number is typically small, one can neglect
inertial effects in equation (12). In the absence of magnetophoretic and electrostatic forces,
the dimensionless Stokes equation can be rewritten as

12

Mian Qin and Haim H. Bau, 2011, When MHD-Based Microfluidics is Equivalent to Pressure-Driven
Flow, Micro and Nano Fluidics 10, (2), 287-300

(DOI: 10.1007/s10404-010-0668-2)

ˆ ( pˆ + Ξˆ ) + ∇
ˆ 2uˆ = 0
−∇

(19)

Ξ
so that the pressure can be modified to include the Lorentz “potential,” Ξˆ =
. On
j0 b
account of the continuity equation, we also have
ˆ 2 ( pˆ + Ξˆ ) = 0 .
∇

(20)

Hence, when the boundary conditions are equivalent, the MHD flow patterns are similar to
pressure driven flow patterns.
In this section, we have shown that under special circumstances, which often occur in
microfluidic systems, the MHD flow is equivalent to pressure-driven flow. Consequently, one
can utilize the wealth of data available in the literature for pressure-driven flows to infer
MHD flow patterns, as we demonstrate through a few examples in the following sections.

4 MHD Flow in a Conduit with a Uniform Cross-Section
(MHD Pump)
Consider a straight conduit with rectangular cross-section of width W and height
H (Fig. 1b without the pillar). The opposing walls of the conduit ( y = ±

H
) are plated with
2

electrodes along the conduit’s entire length L . An external potential difference ∆Vext is
imposed across the electrodes. It is well-known that the classical expression for fullydeveloped, pressure driven flow (White 2006) can be used to describe the velocity profile of
low Hartman number, MHD flow in a conduit with a uniform, rectangular cross-section.
Indeed, this is a special consequence of the derivation presented in section 3. The flow rate is
(Bau et al. 2003):

Q=

1  dp

+ jy b  .
−
RH  dx
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where

χ = 1−

RH =
192 H
π 5W

12 µ
χWH 3

∞

1

∑ (1 + 2n)
n =0

is

5

tanh

the

hydraulic

(DOI: 10.1007/s10404-010-0668-2)

resistance

of

the

pump

and

(1 + 2n)π W
. Witness that the sum in χ converges rapidly
2H

and, in many cases, just the first two terms in the series provide an adequate approximation.
In the absence of an external pressure gradient, the average velocity is proportional to the
= b I /W
= b j y L , where
y − component of the current flux j y . The stall pressure is ∆pstall
I = j y LW is the total current transmitted between the electrodes. Equation (21) can be

rewritten in a slightly different form


∆pb
Q = Qmax 1 −
 ∆p stall


 .


(22)

In the above, Qmax is the flow rate in the absence of adverse (back) pressure and ∆pb is the
back pressure.
4.1 Current-Potential Relationship in the MHD Pump
In contrast to the case of liquid metals, in the case of electrolyte solutions, the current
density is not a linear function of the potential difference across the electrodes. Furthermore,
as the potential difference across the electrodes increases, the current eventually reaches a
limiting value.
To illustrate the complex current-potential dependence, we consider the reversible
reaction Az1 + + ( z1 − z2 )e − ⇔ B z2 + of the RedOx species A z1 + , B z2 + , and C z3 − . A specific
example consists of the solution Fe3+ , Fe 2+ , and Cl − with the reducing reaction
Fe 3+ + e − → Fe 2+ at the cathode and the oxidizing reaction Fe 3+ → Fe 2+ + e − at the anode.

The steady state, dimensionless equations (1) and (2) reduce to:
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ˆj yˆ
dcˆ1
dφˆ
+ z1cˆ1
=
−
dyˆˆ
dy
z1 − z2
ˆj yˆ
ˆ
ˆ
dc2
dφ D1
+ z2 cˆ2
=⋅
dyˆˆ
dy D2 z1 − z2
dcˆ3
dφˆ
− z3cˆ3
=
0
dyˆˆ
dy

(23)

In the above, the concentrations are normalized with c3 and the current’s density with
D1 Fc3 / H . In general, equations like (23) must be solved numerically. Here, we consider a
special case which allows us to obtain a relatively simple expression for the current-potential
relationship.
Let c1 = gc3 .

When=
z1 3,=
z2 2 , and z3 = 1 (as in the case of ferri/ferro-

chloride), and D1 / D2 = 3 / 4 , one obtains (Grigin 1993)

m , where
( cˆˆˆˆ
1 + c2 )( 3c1 + 2c2 ) =

m

is an integration constant. Using mass conservation, one can determine m as a function of
ˆj yˆ for any g . In the absence of current ( ˆj yˆ = 0 ), m= (1 − g ) / 2 . It turns out that m is
nearly independent of ˆj yˆ . Using the Butler-Volmer boundary conditions (15), we obtain an
implicit relation between the current and the electrodes’ potential difference (Qin and Bau,
2009) (Fig. 2). The hollow circles, crosses, and solid line correspond, respectively, to the
exact solution (which does not assume fixed m ), an analytic solution that assumes
m ~ (1 − g ) / 2 , and a finite element solution of the NP equations. Witness that as the potential

difference between the electrodes increases, the current flux initially increases slowly, then
nearly linearly, and, eventually, it saturates at higher values of the potential difference.
When D1 = 10−9 m 2 / s , c3 = 1M

j y ,lim = 45.3 A / m 2

and H = 1mm , the maximum (limiting) current is

(Fig. 2). For a conduit with width W = 1mm , flow viscosity

=
µ 10−3 Pa ⋅ s , and magnetic field b = 0.4T , the predicted average MHD velocity is ~0.6
mm/s.
One take-away message is that, generally, in electrolyte solutions, the current is a
nonlinear function of the potential difference across the electrodes. A linear relationship
between the current and the potential difference can be assumed only for a limited range of
operating conditions. The second observation is the existence of a limiting current. In other
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words, the amount of electric current that can be transmitted through the electrolyte solution
does not increase monotonically with increasing potential difference due to mass transfer
limitations (diffusion limited reaction). Although, in practice, further increases in the
potential difference across the electrodes may increase the current flux, this increase will
typically be due to other (usually undesirable) electrochemical interactions at the electrode
surfaces such as the electrolysis of water. In a closed system, the electrolysis of water will
cause the formation of a gas blanket along the electrodes’ surfaces that will greatly reduce the
amount of current transmitted in the solution.
4.2 The Average Velocity and Efficiency of the MHD Pump
Kabbani et al. (2007) and Ho (2007) investigated the flow rate and the average
velocity in the MHD pump as functions of the conduit’s dimensions when the current
injection is controlled. Since, in most applications, one controls the electrodes’ potentials
rather than the current, we briefly comment here on the situation when the potential
difference between the electrodes is controlled. The current flux j y is inversely proportional
to the distance between the electrodes H . The flow rate in the absence of external back
pressure: Q =

b D1 Fc3 ˆj yˆ
12 µ

χ H 2W and the fluid’s average velocity is
u=

b D1 Fc3 ˆj yˆ
12 µ

χH .

(24)

The above expression is valid when the entire conduit’s length is decorated with active
electrodes.
Fig. 3 depicts the average flow velocity as a function of the conduit’s height and
width when

b = 0.4T , D
32 ,
c=
0.2 M , c3 = 1M , ∆Vˆext =
=
D=
10−9 m 2 / s , c=
1
2
1
3

ˆj yˆ = 0.42 , and
=
µ 10−3 Pa ⋅ s . We assume that W is sufficiently small compared to the size
of the source of the magnetic field so that the magnetic field is nearly uniform inside the
conduit.
At a fixed conduit width, as the height H increases, u first increases, attains a
maximum at H ~ W , and then decreases. This behavior results from the drag force attaining
a minimum in a square ( H = W ) cross-section while the total Lorentz driving force is nearly
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independent of the conduit’s height. The latter is true because the current’s density is
inversely proportional to the distance between the electrodes ( j y ∝ 1/ H ) and the Lorentz
force is the product of the magnetic field, the current’s density and the fluid’s volume. Thus,
the total force is independent of the distance between the electrodes.
In the limit of H >> W , we approach the case of flow between two, infinite parallel
plates, and the resistance imposed by the top ( y = H / 2 ) and bottom ( y = − H / 2 ) walls (the
electrodes) can be neglected. Under this circumstance, along most of the conduit’s crosssection, the velocity profile is parabolic in the z-direction and independent of y. The drag
force is proportional to H / W and the Lorentz force is proportional to W . Thus, the
average velocity is proportional to W 2 / H . Witness the parabolic increase in the average
velocity with W and the inverse proportionality to H in Fig. 3 when H is large and W
is small. As W increases, the drag induced by the surfaces y = ± H / 2 starts to play a role
and the rate of increase of the average velocity with W declines. When W is large, the
average velocity is independent of W .
The MHD–induced velocities are relatively small. For example, in the case of the
RedOx

pair

FeCl3/FeCl2

( =
D1 6.04 ×10−10 m 2 / s

,

D2 7.19 ×10−10 m 2 / s
=

,

=
D3 2.03 ×10−9 m 2 / s , and exchange current density je = 10−6 A / m 2 , Qian and Bau, 2005) at
maximum solute concentrations
=
c1 1.54
=
M , c2 2.05M , and c3 = 8.73M , the limiting
current density

j = 208.1A / m 2 and the average flow velocity u = 2.9mm / s when

W= H= 1mm and b = 0.4T .

More appreciable velocities can be attained with higher

conductivity electrolytes.
We define the MHD pump’s efficiency as the power needed to drive the flow, which
includes both the power needed to overcome the drag (internal resistance) in the pump and
the power invested to overcome the adverse (back) pressure, normalized with the electrical
power consumed.
eff =

∆p stall Q
.
∆Vext I
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Our definition of the efficiency differs from that of Laser and Santiago (2004) and Ramos
(2007), who treated the power needed to overcome the drag as internal pump loss and did not
include it in the numerator of equation (25). Occasionally, MHD microfluidic systems and
networks operate without any external backpressure. Given that the entire length of conduits
in microfludic devices may be equipped with electrodes and backpressure may be absent, it is
appropriate to count the work carried out against the internal drag as part of the pump’s
output. In view of equation (22), the maximum efficiency is attained in the absence of
backpressure ( ∆pb =),
0 i.e., eff max =

∆pstall Qmax
. Fig. 4 depicts schematically the flow rate
∆Vext I

in the MHD pump (Q) as a function of the backpressure (∆pb). The large rectangle
( ∆pstall Qmax ) represents the maximum work delivered by the MHD pump.
interaction used in our expression for the maximum pump efficiency.

This is the work

The smaller rectangle

1
∆pstall Qmax is the work interaction used in Laser and Santiago’s (2004) definition of the
4
maximum efficiency.

The efficiency given in equation (25) is four times larger than the

value reported in Laser and Santiago (2004).
Upon substituting the expressions for the flow rate and the pressure drop, we can
rewrite the efficiency (in the absence of backpressure) as:
2
b D1 F 2 c3 ˆj yˆ
=
⋅
⋅χH 2 .
eff
ˆ
12 µ RT ∆Vext

(26)

Equation (26) suggests that for a given conduit geometry, the efficiency depends on the ratio
ˆj yˆ / ∆Vˆext . Fig. 5 depicts the ratio ˆj yˆ / ∆Vˆext as a function of ∆Vˆext . Witness that this ratio
attains its maximum when ∆Vˆext =
32 and ˆj yˆ = 0.42 .
Fig. 6 depicts the maximum efficiency as a function of the conduit’s height and width
when b = 0.4T , D
c=
0.2 M , c3 = 1M ,
D=
10−9 m 2 / s , =
D2 4 / 3 × 10−9 m 2 / s , c=
=
1
2
1
3

∆Vˆext =
32 , ˆj yˆ = 0.42 , and
=
µ 10−3 Pa ⋅ s .

Fig. 6 suggests that MHD pumps operating with

electrolyte solutions have extremely low efficiency. The efficiency of the pump can be
somewhat increased by using higher electrolyte molar concentrations to increase the electric
conductivity of the solution.

Almost all the energy dissipated in the MHD pump is
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converted into heat. Nevertheless, the temperature increase of the electrolyte solution is
relatively small. This is because of the relatively small dimensions of the conduits
encountered in microfluidics, which facilitate highly efficient heat interaction with the
ambient.
To estimate the temperature increase that one may expect in MHD flow, we consider
the particular example of a conduit with a 1mm ×1mm cross-section embedded in a 2mm
thick polycarbonate (pc) sheet. Fig. 7 depicts the cross-section of the conduit and the
substrate in which the conduit is embedded. The heat transfer coefficient at the surface of the
plastic is assumed to be h ~ 5W / m 2 ⋅ K , which is at the low end of heat transfer coefficients
corresponding to natural convection in air. When the applied potential is ∆Vext =
40 RT / F ,
the current’s density is j y = 45.3 A / m 2 , and the heat dissipation per unit volume is
46.5kW / m3 , the maximum temperature in the conduit is ~ 0.5K above the ambient

temperature. The thermal properties used are: ρ fluid = 1000kg / m3 ,=
C p , fluid 1.2kJ / kg ⋅ K ,
3
, C p , pc 4.18kJ / kg ⋅ K and
=
=
k fluid 0.21W / m ⋅ K , ρ pc = 1300kg / m
=
k pc 0.6W / m ⋅ K

5 MHD Flow in a Conduit Patterned with a Pillar Array
In this section, we consider a uniform, long conduit patterned with a pillar array. Fig.
1 depicts one unit cell of depth W . The pillar diameter is d and the pillar’s center is at the
conduit’s mid-width (Fig. 1a). We focus on a two-dimensional case ( W >> H , L ) in the
absence of an external pressure gradient. We first consider the case when the current supplied
to the unit cell is controlled (known) and one wishes to determine the flow pattern and the
flow rate. To this end, we take advantage of results available in the literature for pressuredriven flows.
Integrating equation (19) over the volume of interest, we have, in the absence of
external pressure differences:
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∫∫ τSwd F

drag , cylinder

F+
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drag , walls

= ∫∫∫ b j y ( x, y )e x dV

(27)

= b IL ⋅ e x
where τ w is the stress tensor at the conduit’s walls and the pillar’s surface. The stress
includes both pressure and viscous contributions. S is the surface enclosing the volume V .
The drag coefficient λ =

Fdrag

µ uW

. In the Stokes regime, the drag coefficients associated with

both the cylinder and the conduit wall depend only on the geometry (Faxen 1946). Once the
total current injection I is known, one can use the drag coefficient and the equivalency
between pressure driven flow and MHD flow to compute the average velocity
u=

b IL
.
µ (λcylinder + λwalls )W

(28)

The drag coefficient of a single circular pillar placed midway between two long, flat
plates as a function of the ratio of the pillar’s diameter and the distance between the plates is
available in Harrison (1924), Faxen (1946) and Ben Richou et al. (2004). There’s also a
wealth of data for drag coefficients of pressure driven flow around pillar arrays. For example,
Sangani and Acrivos (1982) provide drag coefficients of square and hexagonal pillar arrays.
For conciseness, we consider here in detail only a single row of uniformly spaced
pillars confined between two parallel electrodes (Fig. 1). We carried out one set of finite
element simulations in which we specified the pressure drop across the length of the conduit,
obtained the flow field, and determined the drag coefficient. In another set of simulations, we
applied a potential difference across the electrode, specified the electrolyte’s properties and
solved the Nernst Planck equations with electro-neutrality (section 2) with finite elements to
obtain the current distribution, the Lorentz body force, and the corresponding drag
coefficients. In both cases, periodic velocity boundary conditions were specified at the flow
inlet ( x = − L / 2 ) and exit ( x = L / 2 ). Fig. 8 depicts the drag coefficient associated with the
pillar and the conduit’s walls as functions of the pillar’s diameter normalized with the
conduit’s width ( H ). The solid lines and symbols correspond, respectively, to the drag
coefficients obtained with the pressure-driven flow simulations and the MHD simulations.
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The dashed line and hollow circles correspond to the pillar’s drag coefficient, and the solid
line and hollow squares correspond to the drag coefficient associated with the conduit’s
walls. The unit cell dimensions are H= L= 1mm . The electrolyte solution consisted of three
ionic species with
=
Di (1, 4 / 3,1) × 10−9 m 2 / s , ci = (0.2, 0.2,1) M , and=
zi (3, 2, −1) . In the
Buttler-Volmer equation, we specified α = 0.5 and je = 10−6 A / m 2 . Given the theory
presented in section 3 on the equivalence between MHD flow and pressure-driven flow, it is
not surprising that the drag coefficients associated with these two flows are identical.
When the total current is given, it is a simple matter to take advantage of the data
available in the literature for pressure-driven flows to determine the MHD velocity profile
and the flow rate. The same method can be applied to situations when the fluid is subjected to
both Lorentz body force and pressure gradients (either assisting or adverse). Since the
momentum equation is linear at low Reynolds numbers, one can simply superpose MHD and
pressure-driven flows.
Matters get more complicated when the potential difference between the electrodes is
the control input rather than the electric current. In this case, to obtain the concentration
distribution, one requires knowledge of the flow field and to obtain the flow field, one needs
to know the current, which, in turn, depends on the concentration distribution. Since the
various fields are coupled nonlinearly, one cannot take advantage of superposition. When the
effects of advection on the concentration distribution cannot be neglected, the data available
in the literature for pressure driven flow can only be used to verify the MHD computations.
Next, we consider a case when the electrode potential difference is controlled and the
current is not apriori known. To obtain the current distribution, we solve the Nernst-Planck
equations with Buttler-Volmer boundary conditions together with the Navier-Stokes
equations (section 2).

Fig. 9 depicts the total, dimensionless current in the unit cell as a

function of d / H when the effects of advection on the concentration distribution are
neglected (zero Peclet number, solid line) and when the effect of the flow on the
concentration distribution (dashed line with hollow squares) is accounted for. Fig. 9a and 9b
correspond, respectively, to a dimensionless potential difference between the electrodes of 25
and 40. Clearly advection significantly affects the current both quantitatively and
qualitatively. When d / H = 0.44 and ∆Vˆext =
25 , neglecting advection leads to a current
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underestimate of ~25% (Fig. 9a). When ∆Vˆext =
40 , neglecting advection leads to up to a
45% underestimate in the current (Fig. 9b). As the potential difference across the electrodes

∆Vˆext increases, the magnitude of the velocity increases, advection effects become more
important, and the error resulting from neglecting advection increases.
In the absence of advection (solid lines in Fig. 8), as the pillar diameter increases, the
current decreases monotonically. This is intuitively expected. As the pillar diameter
increases, the area available to current flow decreases and one would expect the current to
decrease. Counter to intuition, however, when convection is accounted for (dashed lines in
Fig. 8), as the pillar diameter increases from zero, the limiting current initially increases,
attains a maximum, and then decreases.
A similar trend is evident in Fig. 10. The figure depicts the average dimensionless
current flux in the y-direction as a function of the potential difference between the electrodes

∆Vˆext when d / H = 0, 0.036, 0.11, 0.16, 0.25, 0.36, 0.71 and 0.8. The electrolyte solution is
the same as in Fig. 9. As the potential difference ∆Vˆext increases, the current initially
increases slowly, then nearly linearly, and eventually reaches an asymptotic, limiting value
ˆj yˆ ,lim . Witness that the currents associated with 0 < d / H < 0.36 are higher than the one
associated with d / H = 0 .
What then is the mechanism by which the pillar presence enhances the current flow in
certain circumstances? One possible explanation is, that in the presence of the pillar, the
magnitude of the velocity u x (0, y )

in the region above and beneath the pillar

( d / 2 < y < H / 2 ) increases above the corresponding value upstream of the pillar. This, in
turn, increases the concentration gradients next to the electrodes’ surfaces and enhances the
diffusion’s contribution to the current flow. Fig. 11a depicts the concentration field c1 in the
presence of the pillar and the MHD flow when ∆Vˆext =25 and d / H = 0.2 . The solid
longitudinal lines and the transverse solid lines represent, respectively, concentration contour
lines and current flux lines. Fig. 11b depicts the concentration field c1 in the presence of a
pillar and in the absence of flow motion. Fig. 11c depicts the concentration field c1 in the
absence of the pillar. In the last case, the concentration field is independent of the flow. In
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cases (b) and (c), the concentration field is symmetric with respect to the y = 0 axis while in
Fig. 11a, due to transverse velocity components in the vicinity of the pillar, the concentration
field is asymmetric with respect to the y = 0 axis. In other words, in the presence of the
pillar, there is a transverse velocity component that contributes to electrolyte advection. To
better demonstrate the effect of the pillar on the concentration distribution, Figs. 11d and 11e
depict, respectively, c1 ( x, H / 2) along the surface of the cathode as a function of x and
c1 (0, y ) as a function of y in the presence of motion (solid lines), in an absence of the
pillar (dotted line with hollow circles), and in the presence of the pillar and the absence of
motion (dashed line). Witness that in the presence of the pillar and the flow, the concentration
of c1 next to the electrode’s surface (in the vicinity of x = 0 , solid line, Fig. 11d) is
significantly higher than in the absence of a pillar (dotted line with hollow circles) or in the
presence of a pillar without flow (dashed line). The latter case demonstrates clearly that, in
the absence of flow, the presence of the pillar adversely affect the current flow. The average
current is lower than in the absence of a pillar. In the presence of both a pillar and flow, the
concentration next to the electrode’s surface is higher than otherwise and, thus, the average
current flux is higher. Similarly, Fig. 11e shows that the concentration gradient is highest in
the presence of the pillar and MHD flow (solid line) and lowest in the presence of a pillar and
an absence of flow (dashed line). In summary, on the one hand, the pillar reduces the crosssectional area available to the current flow and increases the drag, both adversely affecting
the flow rate. On the other had, the pillar indirectly modifies that concentration field, which
enhances current flow. These two competing effects lead to an optimal pillar size that
maximizes current flow.
The pillar could contribute to current flow in yet another way. The electric double
layer surrounding the pillar is rich in ions, which is described macroscopically as surface
conduction. The Bikerman - Dukhin number quantifies the ratio of the surface conductivity to
the bulk conductivity (Bazant et al. 2006, Chu and Bazant 2006). Since MHD devices
typically operate with moderate DC potential and thin electric double layers, the double layer
remains near equilibrium and the Dukin number is much smaller than 1, leading to negligible
surface conductance.
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In the range of parameters considered here and consistent with equation (26), the flow
rate is linearly proportional to the total current. Fig. 12 depicts the average flow velocities as
functions of the current when d / H = 0.11, 0.16, 0.25, 0.36, 0.50 and 0.71. Fig. 13 depicts
the average flow velocity as a function of the pillar size when the dimensionless potential
difference between the electrodes is ∆Vˆext =
25 . Although the current attains its maximum
value at d / H = 0.4 , the flow rate decreases monotonically as d / H increases from zero.
In other words, the presence of the pillar enhances the drag to a greater extent than the
propulsive force (which is proportional to the current).

6 Conclusions
We describe the mathematical model for MHD flows of electrolyte solutions in
microfluidic systems. In general, the model requires the concurrent solution of the NernstPlanck equations and the momentum equations. The flow field modifies the concentration
field and the concentration field affects the electric current, which, in turn, affects the body
force in the momentum equation. MHD has the advantage of providing a convenient means
to pump and stir fluids and control fluid flow with electrical signals and without a need for
moving mechanical components. Flow can be directed along any desired path in a
microfluidic network without a need for any valves. The disadvantage of MHD is that it
involves a volumetric force that does not scale favorably as the conduit size decreases. MHD
pumps operating with electrolyte solutions also have very low conversion efficiency, as only
a very small fraction of the electric power is converted into work. More serious shortcomings
include the need to operate with electrolyte solutions that undergo reversible reactions to
avoid bubble formation and undesirable electrochemical electrode reactions and the limitation
on the maximum amount of current that can be transmitted in the solutions.

It seems that

MHD are most likely to benefit applications in which conduit sizes range from hundreds of
micrometers to millimeters – a range of length scales in which the MHD drive provides
significantly higher flow rates than electroosmosis.
We have shown that when the Reynolds number is low, the magnetic field is uniform,
and the electric field is orthogonal to the magnetic field, the Lorentz body force is irrotational
and one can define a “Lorentz” potential. In other words, the MHD flow is equivalent to
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pressure-driven flow, and one can use the large body of data available in the literature for
pressure-driven flow to deduce the MHD flow patterns and drag coefficients. The above
conditions often prevail in microfluidic systems. We utilized this equivalence in two
examples. The first example consisted of a uniform conduit. Here, the equivalence between
MHD flow and pressure-driven flow has been known for many years. The second example
consisted of a conduit patterned with pillars. This is a somewhat more general case as the
electric flux is neither unidirectional nor uniform as in the first example. The equivalence
between MHD flow and pressure-driven flow allows us to utilize drag coefficients available
in the literature for pressure-driven flow to calculate the MHD flow patterns provided that the
total electric current is controlled. The use of the MHD – pressure driven flow equivalence
requires caution, however, since the emergence of secondary flows such as may evolve when
the fluid goes around a bend (Yi and Bau 2003) or a curve will destroy the analogy between
MHD and pressure-driven flows.
When the electric potential difference across the electrodes is the control variable, the
equivalence between the pressure-driven and MHD flow cannot be utilized directly and one
needs to compute the concentration, current, and flow fields simultaneously by solving the
coupled Nernst-Planck and Navier-Stokes equations.
Finally, we computed the electric current, concentration, and flow field in a conduit
and demonstrated that an optimal pillar diameter exists that maximizes the current flow. It is
plausible that even higher current transmission can be obtained by optimizing the shape of the
pillar. However, maximum flow rate still happens in the absence of pillars.
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Figure Captions
Fig. 1: A schematic depiction of a segment of a flow conduit patterned with pillars. The
image on the left is a top view and the image on the right is cross-section A-A. The red,
dotted line denotes periodic boundary conditions
Fig. 2: The dimensionless current flux as a function of the dimensionless electrodes’ potential
difference calculated by solving the full NP equations with finite elements (solid line), using
the approximation m ~ (1 − g ) / 2 (hollow circles), and using exact m values (crosses).

α = 0.5 .

g = 0.2 .

ˆje = 10−3 . The dimensionless, limiting current

ˆj yˆ ,lim = 0.47 .

D2 / D1 = 4 / 3 . D1 = D3
Fig. 3: The average velocity of MHD flow as a function of the conduit height H and width
W (equation 24). b = 0.4T , D1 = 10−9 m 2 / s , c3 = 1M , ˆj yˆ = 0.42 , and
=
µ 10−3 Pa ⋅ s

Fig. 4: The pump flow rate (Q) is depicted as a function of the backpressure (∆pb).

The

large and small rectangles represent, respectively, the pump’s maximum work output used to
calculate the pump’s maximum efficiency in our paper and in Laser and Santiago, 2004.
Fig. 5: The ratio of ˆj yˆ / ∆Vˆext as a function of ∆Vˆext . The conditions are the same as in Fig.
2
Fig. 6: The maximum MHD pumping efficiency (equation 26) as a function of the conduit’s
height H and width W . ∆Vˆext =
32 and all the other parameters are the same as in Fig. 3
Fig. 7: Temperature distribution (contours of constant temperature) in and around a MHD
conduit embedded in a polycarbonate sheet. The chip size is 8mm × 2mm and the conduit’s
cross-section is 1mm ×1mm
Fig. 8: The drag coefficient at the pillar’s surface (dashed line and hollow circles) and at the
conduit’s surface (solid line and hollow squares) as functions of the pillar’s diameter
normalized with the conduit’s width (H). The lines and symbols correspond, respectively, to
pressure-drive flow and the solution of the NP-NS model. For MHD flow, we used
b = 0.4T , D
c=
0.2 M ,
D=
10−9 m 2 / s , =
D2 4 / 3 × 10−9 m 2 / s , z1 = 3, z2 = 2, z3 = −1 , c=
=
1
2
1
3

25 ,
c3 = 1M , ∆Vˆext =

, µ 10−3 Pa ⋅ s , H= W= 1mm , α = 0.5 and
ρ = 103 kg / m3 =

je = 10−6 A / m 2
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Fig. 9: The average y -component of the dimensionless current flux as a function of d / H
in the absence (solid line) and the presence (dashed line with hollow squares) of MHD flow.
The potential difference between the electrodes is ∆Vˆext =
25 (a) and 40 (b). All other
conditions are the same as in Fig. 8
Fig. 10: The average dimensionless current flux

ˆj yˆ as a function of the applied

dimensionless potential difference ∆Vˆext when d / H = 0, 0.036, 0.11, 0.16, 0.25, 0.36, 0.71
and 0.8. All other conditions are the same as in Fig. 8
Fig. 11: (a) The concentration field c1 in the presence of a cylinder ( d / H = 0.2 ) and MHD
flow. (b) The concentration field for c1 in the presence of a cylinder ( d / H = 0.2 ) and in the
absence of motion. (c) The concentration field c1 in the absence of a cylinder. The color
code and the solid longitudinal lines in (a), (b), and (c) correspond, respectively, to
concentration and concentration contours. The transverse solid lines are the current fluxes.
The arrows are velocity vectors. (d) The concentration distribution c1 ( x, − H / 2) along the
surface of the cathode as a function of x in the presence of motion (solid line), in the
absence of the cylinder (dotted line with hollow circles), and in the presence of the cylinder
and an absence of motion (dashed line). (e) The concentration distribution c1 (0, y ) as a
function of y in the presence of motion (solid line), in the absence of the cylinder (dotted
line with hollow circles), and in the presence of the cylinder and an absence of motion
(dashed line). ∆Vˆext =
25 . All other conditions are the same as in Fig. 8
Fig. 12: The average flow velocity u as a function of the average dimensionless current ˆj yˆ
when d / H = 0.11 (square), 0.16 (circle), 0.25 (upright triangle), 0.36 (cross), 0.50
(downward triangle) and 0.71 (diamond). All other conditions are the same as in Fig. 8
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Fig. 13: The average flow velocity u as a function of d / H at ∆Vˆext =
25 . All other
conditions are the same as in Fig. 8. d / H = 0 corresponds to an empty, straight conduit (in
the absence of pillars).

32

Mian Qin and Haim H. Bau, 2011, When MHD-Based Microfluidics is Equivalent to Pressure-Driven
Flow, Micro and Nano Fluidics 10, (2), 287-300

(DOI: 10.1007/s10404-010-0668-2)

y
A

y
Anode

d
H

x

z

Cathode
A
L

W

Fig. 1: A schematic depiction of a segment of a flow conduit patterned with pillars. The
image on the left is a top view and the image on the right is cross-section A-A. The red,
dotted line denotes periodic boundary conditions

Fig. 2: The dimensionless current flux as a function of the dimensionless electrodes’ potential
difference calculated by solving the full NP equations with finite elements (solid line), using
the approximation m ~ (1 − g ) / 2 (hollow circles), and using exact m values (crosses).

α = 0.5 .

g = 0.2 .

ˆje = 10−3 . The dimensionless, limiting current

D2 / D1 = 4 / 3 . D1 = D3
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Fig. 3: The average velocity of MHD flow as a function of the conduit height H and width
W (equation 24). b = 0.4T , D1 = 10−9 m 2 / s , c3 = 1M , ˆj yˆ = 0.42 , and
=
µ 10−3 Pa ⋅ s
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Fig. 4: The pump flow rate (Q) is depicted as a function of the backpressure (∆pb).

The

large and small rectangles represent, respectively, the pump’s maximum work output used to
calculate the pump’s maximum efficiency in our paper and in Laser and Santiago, 2004.
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Fig. 5: The ratio of ˆj yˆ / ∆Vˆext as a function of ∆Vˆext . The conditions are the same as in Fig.
2
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Fig. 6: The maximum MHD pumping efficiency (equation 26) as a function of the conduit’s
height H and width W . ∆Vˆext =
32 and all the other parameters are the same as in Fig. 3
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Fig. 7: Temperature distribution (contours of constant temperature) in and around a MHD
conduit embedded in a polycarbonate sheet. The chip size is 8mm × 2mm and the conduit’s
cross-section is 1mm ×1mm

4

10

3

drag coefficient

10

wall-mhd
wall-pressure driven flow
pillar-mhd
pillar-pressure driven flow

2

10

1

10

0

10

0

0.2

0.4
0.6
0.8
d/H
Fig. 8: The drag coefficient at the pillar’s surface (dashed line and hollow circles) and at the

conduit’s surface (solid line and hollow squares) as functions of the pillar’s diameter
normalized with the conduit’s width (H). The lines and symbols correspond, respectively, to
pressure-drive flow and the solution of the NP-NS model. For MHD flow, we used

b = 0.4T , D
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0.2 M ,
D2 4 / 3 × 10−9 m 2 / s , z1 = 3, z2 = 2, z3 = −1 , c=
D=
10−9 m 2 / s , =
=
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2
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25 ,
c3 = 1M , ∆Vˆext =

, µ 10−3 Pa ⋅ s , H= W= 1mm , α = 0.5 and
ρ = 103 kg / m3 =

je = 10−6 A / m 2

36

Mian Qin and Haim H. Bau, 2011, When MHD-Based Microfluidics is Equivalent to Pressure-Driven
Flow, Micro and Nano Fluidics 10, (2), 287-300

dimensionless average current density

b)
dimensionless average current density

a)

(DOI: 10.1007/s10404-010-0668-2)

0.3
0.25
0.2
0.15
0.1
0

no flow
mhd
0.2

0.4
d/H

0.6

0.8

0.6
0.5
0.4
0.3
0.2
0.1
0

no flow
mhd
0.2

0.4
d/H

0.6

0.8

Fig. 9: The average y -component of the dimensionless current flux as a function of d / H
in the absence (solid line) and the presence (dashed line with hollow squares) of MHD flow.
The potential difference between the electrodes is ∆Vˆext =
25 (a) and 40 (b). All other
conditions are the same as in Fig. 8

Fig. 10: The average dimensionless current flux ˆj yˆ as a function of the applied
dimensionless potential difference ∆Vˆext when d / H = 0, 0.036, 0.11, 0.16, 0.25, 0.36, 0.71
and 0.8. All other conditions are the same as in Fig. 8
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Fig. 11: (a) The concentration field c1 in the presence of a cylinder ( d / H = 0.2 ) and MHD
flow. (b) The concentration field for c1 in the presence of a cylinder ( d / H = 0.2 ) and in the
absence of motion. (c) The concentration field c1 in the absence of a cylinder. The color
code and the solid longitudinal lines in (a), (b), and (c) correspond, respectively, to
concentration and concentration contours. The transverse solid lines are the current fluxes.
The arrows are velocity vectors. (d) The concentration distribution c1 ( x, − H / 2) along the
surface of the cathode as a function of x in the presence of motion (solid line), in the
absence of the cylinder (dotted line with hollow circles), and in the presence of the cylinder
and an absence of motion (dashed line). (e) The concentration distribution c1 (0, y ) as a
function of y in the presence of motion (solid line), in the absence of the cylinder (dotted
line with hollow circles), and in the presence of the cylinder and an absence of motion
(dashed line). ∆Vˆext =
25 . All other conditions are the same as in Fig. 8

38

Mian Qin and Haim H. Bau, 2011, When MHD-Based Microfluidics is Equivalent to Pressure-Driven
Flow, Micro and Nano Fluidics 10, (2), 287-300

average flow velocity m/s

6

x 10

(DOI: 10.1007/s10404-010-0668-2)

-4

d/H=0.11
0.16
0.25
0.36
0.50
0.71

5
4
3
2
1
0
0

0.5
0.4
0.3
0.2
0.1
dimensionless average current density

0.6

Fig. 12: The average flow velocity u as a function of the average dimensionless current ˆj yˆ
when d / H = 0.11 (square), 0.16 (circle), 0.25 (upright triangle), 0.36 (cross), 0.50
(downward triangle) and 0.71 (diamond). All other conditions are the same as in Fig. 8
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Fig. 13: The average flow velocity u as a function of d / H at ∆Vˆext =
25 . All other
conditions are the same as in Fig. 8. d / H = 0 corresponds to an empty straight conduit (in
the absence of pillars).

39

